Abstract. Given a knot K in a closed orientable manifold M we define the growth rate of the tunnel number of K to be gr t ðKÞ ¼ lim sup n!y tðnKÞ À ntðKÞ n À 1 . As our main result we prove that the Heegaard genus of M is strictly less than the Heegaard genus of the knot exterior if and only if the growth rate is less than 1. In particular this shows that a non-trivial knot in S 3 is never asymptotically super additive. The main result gives conditions that imply falsehood of Morimoto's Conjecture.
Introduction
This paper is concerned with the asymptotic behavior of the tunnel number of knots in closed 3-manifolds under repeated connected sum operation. Let tðKÞ be the tunnel number of a knot K (for definitions see Section 2). It is well known that for any pair of knots K 1 , K 2 the following inequality holds:
For convenience we denote K n i¼1 K, the connected sum of n copies of K, by nK. By applying Inequality (1) repeatedly we obtain: tðnKÞ e ntðKÞ þ ðn À 1Þ: ð2Þ
We define the growth rate of the tunnel number of K, denoted by gr t ðKÞ, to be: tðmKÞ f 0, we obtain tðmKÞ À mtðKÞ m À 1 f Àm m À 1 tðKÞ. Combining the two we see that
ÀtðKÞ e gr t ðKÞ e 1. Therefore gr t ðKÞ exists and is finite.
(2) We say that a knot K is meridionally small if the meridian of K is not the boundary of an essential surface (i.e., p 1 injective, not boundary parallel surface) embedded in EðKÞ. If K is meridionally small then: gr t ðKÞ f 0:
In fact, if K is meridionally small then, by [10] and [7] , we have tðnKÞ f ntðKÞ for any n, which implies the above inequality. In fact, Scharlemann-Schultens [13] (quoting Kowng [8] ) have the inequality tðnKÞ f n 3 tðKÞ À ðn À 1Þ. This implies:
tðnKÞ À ntðKÞ n À 1 f ðn=3ÞtðKÞ À ðn À 1Þ À ntðKÞ n À 1 ¼ ðÀ2n=3ÞtðKÞ À ðn À 1Þ n À 1 :
Taking limit gives the above inequality.
Note that for any knot K, the Heegaard genus of the knot exterior EðKÞ, denoted g À EðKÞ Á , is equal to tðKÞ þ 1, and it is at least the Heegaard genus of the ambient manifold M, denoted gðMÞ. In this paper, we prove the following (for definitions see Section 2): Theorem 1.2. Let K be a knot in a closed, orientable 3-manifold M such that the gðMÞ < g À EðKÞ Á . Suppose K is a genus tðKÞ, n-bridge knot (i.e., n is the bridge index of K with respect to Heegaard surfaces of genus tðKÞ ð¼ g À EðKÞ Á À 1Þ). Then gr t ðKÞ e n À 1 n . In particular, for su‰ciently large n equality does not hold in Inequality (2) .
Note that the assumption of Theorem 1.2 holds trivially for any knot in S 3 .
Suppose that a knot K is isotopic onto a genus g Heegaard surface S H M. (We are not assuming that S is of minimal genus.) By connecting a spine of one of the handlebodies complementary to S to K via a vertical arc it is easy to see that tðKÞ e g. As a consequence of Theorem 1.2 we have the following: Corollary 1.3. Let M be a manifold, S H M a genus g Heegaard surface and K H S a knot. If tðKÞ ¼ g, then gr t ðKÞ e 0.
Proof. By a slight isotopy of K H S it is easy to see that K is 1-bridge with respect to S. We can therefore apply Theorem 1.2 to obtain the corollary. r Let T p; q be a non-trivial torus knot. Note that T p; q embeds in a genus 1 Heegaard surface of S 3 and tðT p; q Þ ¼ 1. Hence, by Corollary 1.3, gr t ðT p; q Þ e 0. On the other hand, it is easy to see that torus knots are meridionally small. Assume for contradiction T p; q is a torus knot admitting a meridional essential surface S. By [4] , Theorem VI.34, any essential surface in a Seifert fibred space is either vertical or horizontal. Assume first S is vertical. Then S is an annulus, but torus knots are prime and therefore do not admit essential meridional annuli, contradiction. Hence S is horizontal. Since S 3 does not contain a non-separating surface, S must be separating. Then by [4] , Theorem VI.34 (iii), S bounds a twisted I -bundle. This shows that S 3 contains an embedded non-orientable surface, contradiction. Therefore by (2) of Remarks 1.1, gr t ðT p; q Þ f 0. As a conclusion, we have that gr t ðT p; q Þ ¼ 0.
Similarly, given any Heegaard surface S H M and a knot K H S fulfilling the hypotheses of Corollary 1.3, by performing any Dehn surgery for which the boundary of the meridian of the attached solid torus intersects each component of the boundary of S X EðKÞ exactly once, we get M 0 , S 0 and K 0 also fulfilling the hypotheses of Corollary 1.3 (see, for example, [12] ). By Hatcher [2] after excluding a finite set, K 0 is known to be meridionally small. Therefore we obtain infinitely many knots K 0 with gr t ðK 0 Þ ¼ 0.
Suppose, particularly, that K is isotopic onto some minimal genus Heegaard surface. Such knots are called good in [12] where it was shown that either gðMÞ ¼ tðKÞ or gðMÞ ¼ tðKÞ þ 1. For such knots, Corollary 1.3 implies that if gðMÞ ¼ tðKÞ, then gr t ðKÞ e 0. In contrast to this, in case when gðMÞ ¼ tðKÞ þ 1 (equivalently, Remark. The following proof shows that Theorem 1.5 still holds for knots K H M in an arbitrary manifold, provided that g À EðKÞ Á > gðMÞ.
Proof. By Theorem 1.2 for some n we have that tðnKÞ < ntðKÞ þ ðn À 1Þ:
From now on, take n f 2 to be the minimal n with that property.
If n ¼ 2 then two copies of K provide the desired counterexample. Thus we may assume that n > 2. Consider the knots K 1 ¼ 2K and K 2 ¼ ðn À 2ÞK. Note that K 1 does not admit a primitive meridian by assumption and K 2 does not admit a primitive meridian by Proposition 2.1 and the minimality of n.
We have:
(1) tðK 1 Þ ¼ 2tðKÞ þ 1 (by minimality of n), (2) tðK 2 Þ ¼ ðn À 2ÞtðKÞ þ ðn À 3Þ (by minimality of n), and
Hence K 1 and K 2 provide a counterexample to Morimoto's Conjecture. r
The following corollary follows from Theorem 1.5, and Lemma 3.2 in section 3. Corollary 1.6. If there exists a knot in S 3 with growth rate greater than 1=2 then Morimoto's Conjecture is false.
Remark. The following proof shows that Corollary 1.6 still holds for knots K H M in an arbitrary manifold, provided that g À EðKÞ Á > gðMÞ.
Proof. Let K H S 3 be a knot with gr t ðKÞ > 1=2. If K admits a primitive meridian, then by Proposition 2.1, tðKKqKÞ e tðKÞ þ tðqKÞ for any positive integer q. This implies tðnKÞ e ntðKÞ for any n, and consequently we have gr t ðKÞ e 0, a contradiction. If KKK admits a primitive meridian, then for any q we have that tð2KKqKÞ e tð2KÞ þ tðqKÞ, and by Lemma 3.2, gr t ðKÞ e 1=2, a contradiction; hence neither K nor 2K admits a primitive meridian and Morimoto's Conjecture is false by Theorem 1.5. r
We conclude this section with some open questions related to the above; in all these questions we assume that gðMÞ < g À EðKÞ Á . Let g denote the Heegaard genus of EðKÞ.
For the definitions of genus g, n-bridge presentation of a knot, and ðg; nÞ-knot in a closed 3-manifold, see Subsection 2.4. It is well known (Proposition 2.4) that K admits a primitive meridian if and only if K is a À tðKÞ; 1 Á -knot, that is, K has bridge index one with respect to some genus tðKÞ Heegaard surface of M. In the proof of Theorem 1.2 we generalize this and see that: Proposition 1.7. If K is a À tðKÞ; n Á -knot then either nK admits a primitive meridian or tðnKÞ < ntðKÞ þ n À 1 ( possibly both).
We note that an interesting outcome of Proposition 1.7 is the case when tðnKÞ ¼ ntðKÞ þ n À 1 with nK admitting a primitive meridian (in Section 4 we will see such phenomenon indeed occurs for n ¼ 2). About the converse we ask: Question 1.8. Suppose tðnKÞ ¼ ntðKÞ þ n À 1 and that nK admits a primitive meridian. Does K admit a genus tðKÞ, n-bridge presentation? Specifically, suppose tð2KÞ ¼ 2tðKÞ þ 1 and that 2K admits a primitive meridian. Does K have a genus tðKÞ, 2-bridge presentation?
Next we ask: Question 1.9. Does there exist a knot K so that K is a À tðKÞ; n Á knot for n at least 3? Specifically, does there exist a tunnel number 1 knot in S 3 that has bridge index greater than 2 with respect to the genus 1 Heegaard splitting of S 3 ?
Remark. If there exists a knot for which the answers to Question 1.8 (the case n ¼ 2) and Question 1.9 are both ''yes'' then neither K nor 2K admits a primitive meridian. Therefore, by Theorem 1.5, Morimoto's Conjecture is false.
Question 1.10. What is the spectrum of growth rates?
We note that it is known that we can construct arbitrarily high degeneration of tunnel number of knots under connected sum (see [5] ), nevertheless the following question is still open. Question 1.11. Does there exist a knot with negative growth rate? If so, can the growth rate of knots be arbitrarily negative?
In light of Corollary 1.6 we ask: Question 1.12. Is there a knot with growth rate greater than 1/2 and less than 1?
We know little about the properties of the sequence tðmKÞ À mtðKÞ m À 1 . In particular: Question 1.14. Given a knot K, is tðnKÞ e t À ðn þ 1ÞK Á ?
We remark that while a positive answer would give bounds on the behavior of the elements tðnKÞ À ntðKÞ n À 1 , it will not su‰ce to show that the limit exists.
Preliminaries
Throughout this paper we work in the smooth category. We always assume our manifold to be compact and orientable. For standard notion in 3-manifold topology we refer the reader to [3] or [4] .
2.1. Amalgamation of Heegaard splittings. A 3-manifold C is a compression body if there is a closed connected surface F such that C is obtained from F Â ½0; 1 by attaching 2-handles along mutually disjoint simple closed curves in F Â f1g and capping o¤ the resulting 2-sphere boundary components which are disjoint from F Â f0g by 3-handles. The boundary component of C corresponding to F Â f0g is denoted q þ C.
By extending the cores of the 2-handles in the definition of the compression body C vertically to F Â ½0; 1 we obtain a collection of mutually disjoint meridian disks of C, say D, such that the manifold obtained from C by cutting along D is homeomorphic to a union of q À C Â ½0; 1 and a (possibly empty) collection of 3-balls. This gives a dual description of the compression body, that is, a connected 3-manifold C is a compression body if there exists a (not necessarily connected and possibly empty) closed surface F, without 2-sphere components, and a (possibly empty) collection of 3-balls B such that C is obtained from F Â ½0; 1 W B by attaching 1-handles to F Â f0g W qB. We note that q À C is the surface corresponding to F Â f1g.
Let N be a compact 3-manifold and F 1 , F 2 a partition of the components of qN. We say that a decomposition C 1 W S C 2 (or C 1 W C 2 ) is a Heegaard splitting of ðN; F 1 ; F 2 Þ (or of N) if it satisfies the following conditions:
The surface S is called a Heegaard surface of ðN; F 1 ; F 2 Þ (or N). The genus of S is called the genus of the splitting and the genus of the minimal genus Heegaard splitting for N is called the Heegaard genus of N, denoted gðNÞ.
Let S 1 H M 1 and S 2 H M 2 be two Heegaard surfaces for 3-manifolds M 1 and M 2 . Suppose that a component T 1 of qM 1 and a component T 2 of qM 2 are homeomorphic. Let M be a manifold obtained from M 1 and M 2 by identifying T 1 and T 2 by a homeomorphism. Then we can obtain a Heegaard surface for M, say S, from S 1 and S 2 by collapsing the product region adjacent to T 1 and T 2 as in Figure 1 . We call S the amalgamation of S 1 and S 2 along T, where T is the image of T 1 ¼ T 2 in M. For details, see [14] , where it was shown that:
a handlebody. Such a collection t is called a tunnel system. The tunnel number of K, denoted tðKÞ, is the minimal number of arcs required for tunnel systems. Then tðKÞ is related to the Heegaard genus of EðKÞ by the equation tðKÞ ¼ g À EðKÞ Á À 1. Given two knots K 1 H M 1 and K 2 H M 2 the connected sum of K 1 and K 2 , denoted K 1 KK 2 , is a knot in M 1 KM 2 which is obtained by removing from M i a small ball so that K i intersects this ball in a single unknotted arc ði ¼ 1; 2Þ and then identifying the boundaries of the punctured manifolds by a homeomorphism under which the intersection of the knots with the boundaries match up. By taking a union of a tunnel system for K 1 , a tunnel system for K 2 and one extra tunnel on the decomposing sphere we obtain a tunnel system for K 1 KK 2 . This gives the Inequality (1) of Section 1.
When equality in Inequality (1) holds we say that the tunnel number of the knots are super additive.
Primitive meridian.
Let M, K be as above. We say that K admits a primitive meridian if there is a minimal genus Heegaard splitting of EðKÞ, say C W S V (here C is a compression body and V is a handle body, so that qEðKÞ ¼ q À C), such that there exists a properly embedded essential annulus A H C and a meridian disk D H V with the following properties:
(1) A is vertical in C (i.e., one boundary component of A is on q þ C and the other on q À C) and A X q À EðKÞ is a meridian curve of EðKÞ.
(2) A X S ð¼ A X q þ CÞ and D X S ð¼ qDÞ intersect transversely (in S) in one point.
An important feature of knots admitting a primitive meridian is that they are never super additive (recall Subsection 2.2) when connected sum to other knots. In fact, Propositions 1.3 and 2.1 of [9] imply the following: Remark. This conjecture is stated in a di¤erent appearance in [9] . By Proposition 2.1 of that paper (see Proposition 2.4 below), we can show that the two are equivalent.
In [7] the authors give a necessary and su‰cient condition for a knot K to admit a primitive meridian. We introduce the result here.
Notation. For a knot K, we denote byK K the link obtained from K by adding a single simple closed curve parallel to the meridian of K; in other words,K K ¼ KK (Hopf link in S 3 ). For n f 0 we denote by K ðnÞ the link obtained from K by adding n simple closed curves simultaneously parallel to n disjoint copies of the meridian in EðKÞ (here we understand K ð0Þ ¼ K and K ð1Þ ¼K K). (1) The genus of S equals g À EðKÞ Á .
(2) There exists a Hopf spanning annulus A H d EðKÞ EðKÞ such that A intersects S transversely in a single simple closed curve that is essential in A.
The proof of this proposition can be found in [7] . In this paper we only use the ''if '' part of this proposition and the idea of its proof is as follows: since EðKÞ is obtained from d EðKÞ EðKÞ by Dehn filling, any Heegaard surface for d
EðKÞ EðKÞ is also a Heegaard surface for EðKÞ. The Heegaard surface for d EðKÞ EðKÞ that is described in the proposition naturally admits a primitive meridian. See Figure 2 . Figure 2 2.4. Generalized bridge number. Let U W S V be a Heegaard splitting of some 3-manifold M, and K H M a knot. Following Doll [1] we say that K is in genus g, n-bridge presentation (with respect to S) if K X U (K X V resp.) consists of n arcs, and these arcs are simultaneously parallel into qU (qV resp.). (The genus is omitted when clear from context.) We say that K is a ðg; nÞ-knot, or a genus g, n-bridge knot, if K admits a genus g, n bridge presentation but does not admit a genus g, n À 1 bridge presentation for any Heegaard surface of genus g.
Then we have the following characterization of knots with primitive meridian (see [9] , Proposition 2.1):
Proposition 2.4. Let K, M be as above. Then K admits a primitive meridian if and only if K is a À tðKÞ;
The proof
In this section we prove Theorems 1.2 and 1.4. For the proof of Theorem 1.2, we first prepare two lemmas: Lemma 3.1. Let K be a knot in a closed orientable 3-manifold M. Suppose there exists a positive number n so that tðnKÞ < ntðKÞ þ n À 1. Then gr t ðKÞ e n À 1 n .
Proof. Fix a non-negative integer m. Write m as pn þ l, with 0 e l < n. We have inequalities below. (Notes: (1) In the following we take tð0KÞ to be 0. (2) In one line of the following lines we need to treat the cases l ¼ 0, l > 0 separately. We can deal with both cases by introducing a variable q such that q ¼ p if l > 0, and
Some lines contain explanations in [brackets] ; there by Equation (1) we mean Equation (1) of Section 1.)
Á Á Á e ptðnKÞ þ tðlKÞ þ q
We conclude that the growth rate fulfills the inequality tðmKÞ À mtðKÞ m À 1 e m À 1 À p m À 1 .
In the limit m Anp and we get the bound ðn À 1Þp np ¼ ðn À 1Þ n as desired. This completes the proof of Lemma 3.1. r Lemma 3.2. Let K be a knot in a closed orientable 3-manifold M. Suppose that there exists a positive integer n so that for any positive integer q we have that t À ðn þ qÞK Á e tðnKÞ þ tðqKÞ. Then gr t ðKÞ e n À 1 n .
Proof. Again let m be a positive integer and write m as pn þ l, with 0 e l < n. By repeatedly applying the assumption of Lemma 3.2, and then applying Equation (2) in Section 1 twice we have: (Note: When we apply Equation (2) to tðlKÞ there are two possible results, depending on whether l ¼ 0 or not; these are treated by using maxfl À 1; 0g. Eventually we arrive at a bound that is valid in both cases.)
e ptðnKÞ þ tðlKÞ ½ by assumption e p½ntðKÞ þ ðn À 1Þ þ tðlKÞ ½by Equation ð2Þ
e p½ntðKÞ þ ðn À 1Þ þ ltðKÞ þ maxfl À 1; 0g e ðnp þ lÞtðKÞ þ ðnp þ maxfl À 1; 0gÞ À p e mtðKÞ þ m À p:
Note that if l 3 0 we actually get the bound mtðKÞ þ ðm À 1Þ À p, which is exactly the bound we obtained in the proof of Lemma 3.1. Since the constant þ1 vanishes in the limit, we complete the proof of Lemma 3.2 exactly as above. r Proof of Theorem 1.2 and Proposition 1.7. Let K H M, n be as in Theorem 1.2. Suppose that n ¼ 1. By Proposition 2.4, K admits a primitive meridian. Hence, by applying Proposition 2.1 repeatedly, we see that for any positive integer m we have that tðmKÞ e mtðKÞ. Hence gr t ðKÞ e 0 ¼ 1 À 1 1 ; this gives Theorem 1.2. Hence for the remainder of the proof we assume that n f 2.
If tðnKÞ < ntðKÞ þ ðn À 1Þ then by Lemma 3.1 we have the conclusion of Theorem 1.2. Hence for the remainder of the proof we may assume that tðnKÞ ¼ ntðKÞ þ ðn À 1Þ, and will show that nK admits a primitive meridian. (Note that this proves Proposition 1.7.) Let U W S V be a genus tðKÞ Heegaard splitting of M with respect to which K admits an n bridge presentation. Isotope K to such position. Hence K X U (K X V resp.) consists of n boundary parallel arcs. Then EðKÞ X U (EðKÞ X V resp.) is a genus tðKÞ þ n handle-body, say U 0 (V 0 resp.) such that U 0 X qEðKÞ (V 0 X qEðKÞ resp.) is a collection of n disjoint simultaneously boundary compressible annuli in qU 0 (qV 0 resp.) as in Figure 3 ; these annuli are meridional in qEðKÞ.
Recall from Subsection 2.3 the notation K ðnÞ .
Claim. EðKÞ ðnÞ admits a genus tðKÞ þ n Heegaard splitting, sayŨ U WS SṼ V , such thatS S intersects a Hopf spanning annulus in a single simple closed curve which is essential in the annulus.
Proof. Let A ðnÞ be an annulus with n holes. Then let l þ , l À be the boundary components of the annulus, and let l 1 ; . . . ; l n be the boundary components corresponding to the punctures.
We note that EðKÞ ðnÞ can be represented as a manifold obtained from EðKÞ by attaching A ðnÞ Â S 1 by a homeomorphism h : qEðKÞ ! l þ Â S 1 that maps a meridian curve to fptg Â S 1 . Let a 1 ; . . . ; a n be arcs properly embedded in A ðnÞ as in Figure 4 . Note that the annuli S n i¼1 ða i Â S 1 Þ cut A ðnÞ Â S 1 into n þ 1 pieces, say T 0 ; T 1 ; . . . ; T n each of which is homeomorphic to (annulus) Â S 1 (or (torus) Â ½0; 1), where l À Â S 1 H T 0 and for each i, l i Â S 1 H T i . Recall that qEðKÞ X U 0 (qEðKÞ X V 0 resp.) consists of n annuli.
Since h maps a meridian curve to fptg Â S 1 H l þ Â S 1 , we may suppose, by de-
By Figures 5 and 6 we have thatŨ U andṼ V are compression bodies of genus tðKÞ þ n, andŨ U XṼ V ¼ q þŨ U ¼ q þṼ V ð¼S SÞ. HenceŨ U WS SṼ V is a genus tðKÞ þ n Heegaard splitting of EðKÞ ðnÞ . Let b be the arc properly embedded in A ðnÞ as in Figure 4 . Note that b Â S 1 gives a
Hopf spanning annulus in EðKÞ ðnÞ and it is directly observed that it intersects the Heegaard surfaceS S in a single simple closed curve corresponding to ða n X bÞ Â S 1 . This gives the conclusion of the claim. r 
Recall that we assumed that
at the beginning of this proof. Remark. The arguments in the proof of Theorem 1.2 work for a bridge number n with respect to a Heegaard surface of genus tðKÞ À k for k > 0. However, it is elementary to show (see, for example, Figure 4 of [6] ) that we can obtain a À tðKÞ; n À k Á bridge presentation from the n-bridge presentation. Hence we can show that gr t ðKÞ e n À k À 1 n À k by
This shows that using our techniques, the best estimate of the growth rate is obtained by using the bridge index with respect to genus tðKÞ Heegaard surfaces.
For the proof of Theorem 1.4, we prepare three lemmas.
Let l be a knot in a handlebody V . We say that l is primitive in V if there is a meridian disk D of V such that D cuts o¤ a solid torus, such that l is a core curve of the solid torus. The proof is easy, and we omit it. . By Lemma 3.3, there exists a minimal genus Heegaard splitting V W S W of M such that K H V , and K is primitive in V , i.e., there is a meridian disk D 0 of V such that D 0 cuts o¤ a solid torus T such that K is a core curve of T. Then we can isotope K so that K H qT, and K X D 0 ¼ j (hence K H S). Note that K is a longitude of T and this shows that we take a meridian disk D of V such that qD and K intersects transversely in one point and that This completes the proof of Lemma 3.4. r Lemma 3.5. Let K i ði ¼ 1; 2Þ be knots in a closed, orientable 3-manifold
Proof. By Lemma 3.4 there exist minimal genus Heegaard splittings V i W S i W i of M i ði ¼ 1; 2Þ such that K i H S i , and there is a meridian disk D i of V i such that qD i and K i intersects transversely in one point. Then take a 3-ball B i in M i such that S i X B i is a disk properly embedded in B i , K i X B i is an arc properly embedded in S i X B i , and B i X D i ¼ j. Then we identify the boundaries of clðM 1 nB 1 Þ, and clðM 2 nB 2 Þ by a homeomorphism which identifies qðS 1 nB 1 Þ with qðS 2 nB 2 Þ and qðK 1 nB 1 Þ with qðK 2 nB 2 Þ to obtain a connected sum K 1 KK 2 . We note that the image of clðS 1 This completes the proof of Theorem 1.4. r
Example
Let K m ¼ Kð7; 17; 10m À 4Þ be the knot introduced by Morimoto-Sakuma-Yokota in [11] . That is, K is obtained from the torus knot Kð7; 17Þ by adding twists along an unknotted curve g as in Figure 7 .
In [11] Morimoto-Sakuma-Yokota show that the tunnel number of K m is super additive, i.e., tðK m KK m Þ ¼ 2tðK m Þ þ 1; specifically, tðK m Þ ¼ 1 and tðK m KK m Þ ¼ 3. In particular, K m does not admit a primitive meridian (Proposition 2.1).
We show the following:
Assertion. The knots K m are ð1; 2Þ-knots; therefore (since K m are super additive) by Proposition 1.7, K m KK m admits a primitive meridian.
Proof. K m does not admit a genus 1, 1-bridge presentation, or it would contain a primitive meridian (Proposition 2.4). Hence for the proof of the assertion it su‰ces to show that K m admits a genus 1, 2-bridge presentation.
Note that Kð7; 17Þ is embedded on a genus 1 unknotted torus in S 3 , say T. Let NðTÞ be a regular neighborhood of T, NðTÞ ¼ T Â ½0; 1, where Kð7; 17Þ H T Â f1=2g. Here we regard the projection onto the second factor of T Â ½0; 1 as a height function. Then we can isotope Kð7; 17Þ W g in NðTÞ (see Figure 8 ) so that Kð7; 17Þ ¼ a 1 W b 1 W a 2 W b 2 , where the a i 's and b j 's are arcs, each a i and b j share exactly one endpoint, and a 1 X a 2 ¼ b 1 X b 2 ¼ j ði; j ¼ 1; 2Þ, so that:
(1) a 1 and a 2 are monotonic, 
